On the topological type of minimal submanifolds  by White, Brian
ON THE TOPOLOGICAL TYPE OF MINIMAL SUBMANIFOLDS 
BRIAN WHITER 
(Rccciwd 26 March 1990) 
INTRODUCTION 
LET I- be a smooth embedded hypersurface in s” c R”+’ for some n I6. Then I- is the 
boundary of at least one smooth embedded minimal submanifold of II”+‘, namely the area 
minimizing submanifold. (If n > 6 then the least area surface may be singular.) But except 
when n = 2. no theorems are known about the topological types of the minimal sub- 
manifolds bounded by I-. In particular, the answer to the following is not known for 
any n > 2: 
QUESTION I. DOKS CDPT~ smooth Kmhedded (n - I)-sphrrr in S” bound a smooth embedded 
minimal n-b& in B” + ‘? 
For n = 2 Tomi and Tromba showed that the answer is yes using degree theory. Soon 
afterward. Almgrcn and Simon gave another proof by showing that among all smooth 
embedded isks with boundary I-, thcrc is one that achieves the least possible area. Meeks 
and Yau gave a third proof by showing that the disk of least area among all embedded or 
immersed isks with boundary l- (i.e., the Douglas-Rado solution to the Plateau problem) 
is in fact embedded. An immediate consequence of these results is that if T bounds a unique 
smooth minimal surface S, then S is an embedded isk. This is also not known in higher 
dimensions: 
QUESTION 2. If a smooth embedded (n - I)-sphere in S” bounds a unique smooth minimal 
submanifold S in B”+ I, must S be an n-ball? 
All three of the two-dimensional proofs break down in three dimensions. The degree 
argument fails because a sequence of smooth embedded minimal hypersurfaces in B* can 
converge to a singular minimal hypersurface (for example, the cone over S’ x S’). The 
other two approaches fail because there exists a smooth embedded 2-sphere r in S’ such 
that the infimum of the areas of embedded 3-balls in B” with boundary r is not attained. 
(See [6] for the example.) 
This paper uses elementary topological arguments to give partial answers to the above 
questions. In particular, suppose I- is an embedded minimal (n - I)-sphere in s”. Let U, and 
U, be the components of Sn\r. We show that (for n 5 6) there exist smooth stable minimal 
submanifolds S, of B”’ ’ such that dS, = r and such that the region W, between S, and U, is 
simply connected. If r bounds a unique smooth minimal submanifold S, then S, = Sz = S 
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and it follows that the first homology group H,(S) vanishes and, if n = 3, that M is a 
homology ball. 
Of course if n = 2. then simple connectivity of Wi implies that Si is a disk. Thus the 
results of this paper give yet another proof that the answer to question 1 is yes for n = 2. The 
ideas in this paper are also key ingredients in the generalization of the Almgren-Simon 
theorem to more general functionals (namely, even parametric elliptic functionals) than 
area; see [7]. 
Incidentally, the answer to question 1 is definitely no in higher codimensions, even if the 
n-ball is not required to be embedded. Indeed. there is an embedding fof S’ in S6 that 
does not extend to any continuous map of B* into 8’ whose image lies in a minimal 
variety (stationary varifold) with boundary f(S’). (The nonexistence example of 
[Z] has this property). 
MAIN RESULTS 
THEOREM 1. Lrr n < 6. Let N be a smooth (n + I)-dimensional compact Riemannion 
man$old with strictly mean corlvex boundary. Let U he a simply connected open strhset of dN 
such that r = c’U is smooth. Then there is a smooth stable n-dimensionrrl minimd surface 
S c N such that: 
(I) S is homolo~~ous lo U, 
(2) the region W hc~ween S and II is simply connected, 
(3) I~X c N is a smooch minimtrl n-surface with houndllry I-‘. then C does nof intersect W. 
Prooj: If IV c N is a set of finite perimctcr, let 
s, = [U] - a[: W] 
Note that SW is homologous to U and has boundary r. Let 9P’ be the set of such W for 
which SW is a smooth stable minimal n-manifold of area 5 Area (U). By the compactness 
theorem for integral currents (or for BVfunctions) there exists a W for which the area of SW 
is a minimum. By the regularity theory, SW is smooth. Therefore %’ is non-empty. 
The curvature estimates for stable hypersurfaces ([4]) then imply that ti * is compact. 
Thus there is a WE H’ for which the volume of W is a minimum. We claim that this W 
satisfies the conclusions of the theorem. 
First, suppose that W is not simply connected. Let I? be the universal covering space 
of @. Since U is simply connected, its inverse image under the covering map is a disjoint 
union of isometric copies of U. Let U, be one of the copies. 
Let W, c @be a set of finite perimeter that minimizes the area of &, = [U,] - a[ W,]. 
Then X0 is a smooth minimal submanifold. By monotonicity, the distance from X0 is 
bounded. (Otherwise we could find arbitrarily many disjoint balls of radius E > 0 centered 
at points of E:,. Each such ball would contain a piece of X0 of area at least cc”, contradicting 
the minimizing property of &,.) Thus 1, is compact. 
Thus the projection V of X0 in I@ is a smooth compact immersed minimal submanifold 
homologous to U. If V were equal to or contained in SW, then X0 would bc contained in al?. 
That is. WC would have c’lt’, c r’%. The connectivity of LC’ would then imply that ct’” = W. 
But then d W, would contain not just U, but all the other lifts of U as well, which would 
mean that the ;IKI of X,, would bc grcatcr th:ln that of U,,, ;I contradiction. Thus C’ is not 
contained in SW. 
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If Y were embedded, then it would be a stable minimal submanifold and the region 
between it and U would be a proper subset of and therefore have less volume than W, 
contradicting the choice of W. Thus V must be immersed. 
Now let w’ minimize the area of SW. among w’ c Wof finite perimeter such that W 
does not intersect V. By the maximum principle, SW, does not intersect V and is therefore 
smooth and stable. But w’ has less volume than W(since it is a proper subset) contradicting 
the choice of W. Thus W is simply connected. 
Now suppose 1 c N is a smooth minimal surface with SI: = r. Then the argument in 
the previous paragraph (with C in place of V) shows that I; does not intersect W. I 
THEOREM 2. Let r be a smooth embedded (n - l&here (n < 6) in s” such that I- bounds a 
unique smooth stable minimal submanijold S in B"+ ‘. Then S divides B"+ ’ into two simply 
connected components and H,(S) = 0. lf n = 3, then S is a homology ball. 
Proo/: It follows immediately from Van Kampen’s theorem that the two components 
II, and U2 of S”\l- are simply connected. Applying Theorem 1 to N = B”+’ and Ui shows 
that the region Wi between S and Ui is simply connected. 
Now let C be a closed curve in S. Then S bounds disks Di in Wi by simple connectivity of 
W,. Then D, u D, is a closed surface in 8” ’ ‘, so D, u D, is the boundary of a 3-manifold M 
in B”+*. For a generic such M, the intersection of M with S is a surface in S with boundary 
C. This proves that H,(S) = 0. (This also follows easily from the Mayer-Vietoris sequence 
for B”+ * = r-71 u Iv,.) 
Poincari duality implies that H,_,(S) is also zero, so if n = 3 then S is a homology 
ball. I 
GENERALIZATIONS 
In Theorem 1, we can remove the assumption that U is simply connected. The correct 
conclusion then is not that W is simply connected, but that I~(A,(U)) = n,( @) where 
1: U + ti is the inclusion map. The proof is exactly as before, except that we let $ be the 
covering space of fi corresponding to the subgroup I~ (n, (I/)) of n, ( w). 
Theorem 2 then generalizes to 
THEOREM 3. Let T be a smooth embedded hypersurface in S” (n I; 6) wirh H,(T) = 0. 
Suppose that r bounds a unique smooth stable embedded minimal submani$old S in B”+ ‘. Then 
H,(S) = 0 and S divides B"+ ’ into regions W, and W, such that H,( W,) = H, ( W,) = 0. 
The proof is almost exactly as before. (The Mayer-Vietoris sequence is used instead of 
Van Kampen’s theorem). 
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